Abstract. The concept of discrete curvature is a discretization of the curvature. Many literatures introduce discrete curvatures derived from arc length of circular arcs. We propose a new concept of discrete curvature of a polygon at each vertex, which is derived from area of fan shapes. We estimate the error of the discrete curvature and compare the discrete curvature with old one.
Introduction
The curvature of a smooth curve at a point is determined by the sharpness of the turning. This concept does not depend on the isometric embedding or the regular reparamerization but only on the shape of the curve. This intrinsic concept can be applied to a polygon and we call it the discrete curvature. Since the discrete curvature is determined by the shape of a polygon as a smooth curve, it is applied to discrete geometry and computer vision.
Many literatures introduce discrete curvatures in different ways and derive applications( [1] , [2] , [3] , [4] , [6] ). A formula of the discrete curvature, which will be denoted byk in this paper, is originated from the arc length equation of a circle. The circular arc with radius r and central angle θ is of length l = rθ. Therefore the curvature of the circular arc is 1/r = θ/l. This equation is the motivation of the discrete curvature based on arc length.
In this paper we introduce a discrete curvature of a polygon at each vertex, which is derived from the area equation of a fan shape. A fan shape with radius r and central angle θ has its area s = r 2 θ/2. Hence the curvature is given by 1/r = θ/(2s). Using this equation we will define a discrete curvature k, which is called the discrete curvature based on area.
Our new discrete curvature k is closer thank to the curvature of the smooth curve in case of y = x 2 . Butk is closer than k in case of a circle.
In section 2, we define the discrete curvature based on area and compute the error in contrast to the curvature of a smooth curve. In section 3, we compare three discrete curvatures 1/r, k andk numerically.
A discrete curvatures
The circular arc of curvature κ is of radius 1/κ. The arc length l of a circular arc with central angle θ is l = θ/κ. Hence the curvature is given by the equation κ = θ/l. We introduce a discrete version of the curvature originated from this equation, see [2] . Let {A, P, B} be a polygon. We definek p , ork simply, at vertex P by One may find the smooth analogue of this situation in the book [5] and [6] .
In [2] , the authors estimates the error ofk.
Theorem 1. Let α be a regular C ∞ curve and {A, P, B} a polygon on α. Thenk satisfies:k
The area s of the fan shape with angle θ bounded by the circular arc of curvature κ and two radii is s = θ/(2κ 2 ). From this equation we get the curvature of a circular arc as following:
Our definition of the discrete curvature is motivated from this equation.
Definition 1. Given a polygon {A, P, B}, let C be the intersection of two perpendicular bisectors of line segments AP and P B as shown in the Figure 2 . The discrete curvature k p , or k simply, of the polygon is defined by
where s 1 , s 2 are the areas of the triangles CAP , CBP , resp. and θ is the angle ∠ACB. We call k p the discrete curvature based on area. (2) approximates the curvature with small error. To approximate error in the smooth case, suppose that α = (α 1 , α 2 ) is a regular C ∞ curve. Let {A, P, B} be points on the curve α given by A = α(a), P = α(0) and B = α(b) with a < 0 < b. By compositions of a translation and rotation we may assume that
where κ is the curvature of α at t = 0 and R 2 the remainder of the Taylor polynomial of α 2 at 0.
Hence R 2 (t) = R(t)t 3 for some function R, which is bounded by a constant on the interval [a, b].
Lemma 1. The radius r of the circumscribed circle of the triangle AP B satisfies 1/r = κ + O(λ)
where λ = max{|a|, |b|}.
Proof. . Let C be the point in Definition 1. The circumscribed circle of the triangle AP B has its center at C and radius |C − P |. Using the equation (3) we can estimate C and get
Therefore the radius satisfies r = 1/κ + O(λ) and we get the desired result. The above Lemma implies that the radius r is a candidate of the discrete curvature. Now we estimate the discrete curvature k.
Theorem 2. The discrete curvature k of the polygon {A, P, B} as above satisfies
Proof. . Let θ 1 = ∠ACP and θ 2 = ∠BCP . Then the area of the triangle CAP is s 1 = r 2 sin θ 1 /2 and that of CBP is s 2 = r 2 sin θ 2 /2. The discrete curvature k of the polygon {A, P, B} at P is given by
By the Lemma 1/r = κ+O(λ). The second term of (4) can be estimated using the property of equilateral triangle and sin θ = θ + O(θ 3 ).
Corollary 1. k tends to κ as A and B tends to P .

Comparison
Let {P 1 , . . . , P n } be a polygon on a curve α. One may expect that discrete curvatures has near value to the curvature of α at each vertex. In general it is hard to expect that such situation will arise. But discrete curvatures can approximate the curvature with sufficiently small errors whenever |P i − P i+1 | is sufficiently small for all i, because three discrete curvatures converges to the curvature of α at P i when |P i−1 − P i | and
Now we will compare three discrete curvatures k,k and 1/r defined in the above section. For a curve α three points A = α(a), P = α(0), B = α(b) with a < 0 < b form a polygon. We will compute and compare three discrete curvatures of the polygon at P for some a and b.
First of all, consider the polygon {A(cos a, sin a), P (1, 0), B(cos b, sin b)} with −π < a < 0 < b < π on the unit circle as the Figure 3 . Then we have
We display the variance of discrete curvatures in case of b = −a and b = −2a in the Figure 4 . since r is the radius of the circumscribed circle of the triangle AP B, it is independent of a and b and 1/r = κ = 1.k is closer to the curvature 1 than k. 
Using this equation we may compute k. The equation of k andk is fairly complicated. The Figure 6 represents the variance of discrete curvatures in case of b = −a and b = −2a. k is closest to the curvature 2 of y = x 2 at x = 0. Although the discrete curvature 1/r is originated from the radius of the osculating circle, it is far from the curvature κ in this case. It is hard to estimate accruately an infinitesimal concept. Our new discrete curvature is closer to the curvature than the other in some cases, but not in another cases. Nevertheless this curvature can be applied to problems of edge detection, object recognition, pattern analysis and so on.
